We propose a model of dynamical noncommutative quantum mechanics in which the noncommutative strengths, describing the properties of the commutation relations of the coordinate and momenta, respectively, are arbitrary energy dependent functions. The Schrödinger equation in the energy dependent noncommutative algebra is derived for a two dimensional system for an arbitrary potential. The resulting equation reduces in the small energy limit to the standard quantum mechanical one, while for large energies the effects of the noncommutativity become important. We investigate in detail three cases, in which the noncommutative strengths are determined by an independent energy scale, related to the vacuum quantum fluctuations, by the particle energy, and by a quantum operator representation, respectively. Specifically, in our study we assume an arbitrary power laws energy-dependence of the noncommutative strength parameters, and of their algebra. In this case, in the quantum operator representation, the Schrödinger equation can be formulated mathematically as a fractional differential equation. For all our three models we analyze the quantum evolution of the free particle, and of the harmonic oscillator, respectively. The general solutions of the noncommutative Schrödinger equation as well as the expressions of the energy levels are explicitly obtained.
I. INTRODUCTION
It is generally believed today that the description of the space-time as a manifold M , locally modeled as a flat Minkowski space M 0 = R × R 3 , may break down at very short distances of the order of the Planck length l P = G /c 3 ≈ 1.6×10 −33 cm, where G, and c are the gravitational constant, Planck's constant, and the speed of light, respectively [1] . This assumption is substantiated by a number of arguments, following from quantum mechanical and general relativistic considerations, which point towards the impossibility of an arbitrarily precise location of a physical particle in terms of points in spacetime.
One of the basic principles of quantum mechanics, Heisenberg's uncertainty principle, requires that a localization ∆x in space-time can be reached by a momentum transfer of the order of ∆p = /∆x, and an energy of the order of ∆E = c/∆x [2] [3] [4] . On the other hand, the energy ∆E must contain a mass ∆m, which, according to Einstein's general theory of relativity, generates a gravitational field. If this gravitational field is so strong that it can completely screen out from observations some regions of space-time, then its size must be of the order of its Schwarzschild radius ∆R ≈ G∆m/c 2 . Hence we easily find ∆R ≈ G∆E/c 4 = G /c 3 ∆x, giving ∆R∆x ≈ G /c 3 . Thus the Planck length appears to give the lower quantum mechanically limit of the accuracy of position measurements [5] . Therefore the combination of the Heisenberg uncertainty principle with Einstein's theory of general relativity leads to the conclusion that at short distances the standard concept of space and time may lose any operational meaning.
On the other hand, the very existence of the Planck length requires that the mathematical concepts for highenergy (short distance) physics have to be modified. This follows from the fact that classical geometrical notions and concepts may not be well suited for the description of physical phenomena at very short distances. Moreover, some drastic changes are expected in the physics near the Planck scale, with one important and intriguing effect being the emergence of the non-commutative structure of the space-time. The basic idea behind space-time non-commutativity is very much inspired by quantum mechanics. A quantum phase space is defined by replacing canonical position and momentum variables x µ , p ν with Hermitian operators that obey the Heisenberg commutation relations,
Hence the phase space becomes smeared out, and the notion of a point is replaced with that of a Planck cell. The generalization of commutation relations for the canonical operators (coordinate-momentum or creationannihilation operators) to non-trivial commutation relations for the coordinate operators was performed in [6] and [7] , where it was first suggested that the coordinates x µ may be noncommutating operators, with the six commutators being given by
where a is a basic length unit, and L µν are the generators of the Lorentz group. In this approach, Lorentz covariance is maintained, but the translational invariance is lost. A rigorous mathematical approach to noncommutative geometry was introduced in [8] [9] [10] [11] , by generalizing the notion of a differential structure to arbitrary C * algebras, as well as to quantum groups and matrix pseudo-groups. This approach led to an operator algebraic description of non-commutative space-times, based entirely on algebras of functions.
Since at the quantum level non-commutative spacetimes do appear naturally when gravitational effects are taken into account, their existence must also follow from string theory. In [12] it was shown that if open strings have allowed endpoints on D-branes in a constant Bfield background, then the endpoints live on a noncommutative space with the commutation relations
where θ µν is an antisymmetric constant matrix, with components c-numbers with the dimensionality (length) −2 . More generally, a similar relation can also be imposed on the particle momenta, which generates a noncommutative algebra in the momentum space of the form
where η µν are constants. In [13] noncommutative field theories with commutator of the coordinates of the form [x µ , x ν ] = iΛ µν ω x ω have been studied. By considering Λ a Lorentz tensor, explicit Lorentz invariance is maintained, a free quantum field theory is not affected. On the other hand, since invariance under translations is broken, the conservation of energy-momentum tensor is violated, and a new law expressed by a Poincaré-invariant equation is obtained. The λφ 4 quantum field theory was also considered. It turns out that the usual UV divergent terms are still present in this model. Moreover, new type of terms also emerge that are IR divergent, violates momentum conservation and lead to corrections to the dispersion relations.
The physical implications and the mathematical properties of the non-commutative geometry have been extensively investigated in . In the case when [ p i , p j ] = 0, the noncommutative quantum mechanics goes into the usual one, described by the non-relativistic Schrödinger equation,
wherex µ = x µ − (1/2)θ µν p ν [43] . In the presence of a constant magnetic field B and an arbitrary central potential V (r), with Hamiltonian
the operators p, x obey the commutation relations [43] 
Several other types of noncommutativity, extending the canonical one, have also been proposed. For example, in [44] , a three-dimensional noncommutative quantum mechanical system with mixing spatial and spin degrees of freedom was investigated. In this study it was assumed that the noncommutative spatial coordinates x i , the conjugate momenta p i , and the spin variables s i obey the nonstandard Heisenberg algebra
and
respectively, where θ ∈ R is the parameter of the noncommutativity. A classical model of spin noncommutativity was investigated in [45] . In the nonrelativistic case, the Poisson brackets between the coordinates are proportional to the spin angular momentum. The quantization of the model leads to the noncommutativity with mixed spatial and spin degrees of freedom. A modified Pauli equation, describing a spin half particle in an external electromagnetic field was also obtained, and it was shown that in spite of the presence of noncommutativity and nonlocality, the model is Lorentz invariant. Other physical and mathematical implications of spin noncommutativity were investigated in [46] [47] [48] A model of dynamic position-dependent noncommutativity, involving the complete algebra of noncommutative coordinates
was proposed in [49] , an further investigated in [50] . In [50] a system consisting of two interrelated parts was analyzed. The first describes the physical degrees of freedom with the coordinates x 1 and x 2 , while the second corresponds to the noncommutativity η, which has a proper dynamics. It turns out that after quantization, the commutator of two physical coordinates is proportional to an arbitrary function of η. An interesting feature of this model is the dependence of nonlocality on the energy of the system, so that the increase of the energy leads to the increase in nonlocality. The physical properties of systems with dynamic noncommutativity were considered in [51] [52] [53] [54] [55] [56] [57] [58] .
A quantum mechanical system on a noncommutative space for which the structure constant is explicitly timedependent was investigated in [59] , in a two-dimensional space with nonvanishing commutators for the coordinates X, Y and momenta P x , P y given by
[X,
Any autonomous Hamiltonian on such a space acquires a time-dependent form in terms of the conventional canonical variables. A generalized version of Heisenberg's uncertainty relations for which the lower bound becomes a time-dependent function of the background fields was also obtained. For a two dimensional harmonic oscillator, after performing the Bopp shift, the Hamiltonian becomes times dependent, and is given by [59] 
where
From a general physical point of view we can interpret the noncommutativity parameters θ µν and η µν as describing the strength of the noncommutative effects exerted in an interaction. In this sense they are the analogues of the coupling constants in standard quantum field theory.
It is a fundamental assumption in quantum field theory that the properties of a physical system (including the underlying force laws) change when viewed at different distance scales, and these changes are energy dependent. This is the fundamental idea of the renormalization group method, which has found fundamental application in quantum field theory, elementary particle physics, condensed matter etc. [60] .
It is the main goal of the present paper to introduce and analyze a dynamic noncommutative model of quantum mechanics, in which the noncommutative strengths θ µν and η µν are energy-dependent quantities. This would imply the existence of several noncommutative scales that range from the energy level of the standard model, where the low energy scales of the physical systems reduce the general noncommutative algebra to the standard Heisenberg algebra, and ordinary quantum mechanics, to the Planck energy scale. On energy scales of the order of the Planck energy E P = c 5 /G ≈ 1.22 × 10 19 GeV, the noncommutative effects become maximal. Under the assumption of the energy dependence of the noncommutative parameters, with the help of the generalized Seiberg-Witten map, we obtain the general form of the Schrödinger equation describing the quantum evolution in an energy dependent geometry. he noncommutative effects can be included in the equation via a generalized quantum potential, which contains an effective (analogue) magnetic field, as well as an effective elastic constant, whose functional forms are determined by the energy dependent noncommutative strengths.
The possibility of an energy-dependent Schrödinger equation was first suggested by Pauli [61] , and it was further considered and investigated extensively (see [62] [63] [64] [65] [66] [67] and references therein). Generally, the nonlinearity induced by the energy dependence requires modifications of the standard rules of quantum mechanics [62] . In the case of a linear energy dependence of the potential for confining potentials the saturation of the spectrum is observed, which implies that with the increase of the quantum numbers the eigenvalues reach an upper limit [65] . The energy-dependent Schrödinger equation was applied to the description of heavy quark systems in [63] , where for a linear energy dependence the harmonic oscillator was studied as an example of a system admitting analytical solutions. A new quark interaction was derived in [64] , by means of a Tamm-Dancoff reduction, from an effective field theory constituent quark model. the obtained interaction is nonlocal and energy dependent. Moreover, it becomes positive and rises up to a maximum value when the interquark distance increases. The quantum mechanical formalism for systems featuring energy-dependent potentials was extended to systems described by generalized Schrödinger equations that include a position-dependent mass in [67] . Modifications of the probability density and of the probability current need the adjustments in the scalar product and the norm. The obtained results have been applied to the energy-dependent modifications of the MathewsLakshmanan oscillator, and to the generalized Swanson system.
From a physical point of view we can assume that the energy dependent noncommutative effects can be described by two distinct energy scales. One is the energy scale of the spacetime quantum fluctuations, generated by the vacuum background and the zero point energy of the quantum fields. The noncommutativity is then essentially determined by this energy scale, which is independent of the particle energy. This is the first explicit model we are considering, a two energy scales model, in which the energy of the quantum fluctuations and the particle energy evolve in different and independent ways. The alternative possibility, in which the noncommutative strengths are dependent on the particle energy only, is also investigated. We consider the quantum evolution of the free particle and of the harmonic oscillator in these cases, and the resulting energy spectrum and wave functions are determined. The particle oscillation frequencies are either dependent on the vacuum fluctuation energy scale, or they have an explicit dependence on the particle energy. In the limiting case of small energies we recover the standard results of quantum mechanics.
As a simple application of the developed general formalism we consider the case in which the noncommutative strengths η and θ are power law functions of energy, with arbitrary exponents. However,the quantization of such systems, in which we associate an operator to the energy, requires the mathematical/physical interpretation of operators of the form ∂ α /∂t α , where α can have arbitrary real) values, like, for example, α = 1/2, α = 5/4 etc. These types of problems belong to the field of fractional calculus [71] [72] [73] , whose physical applications have been intensively investigated. In particular, the mathematical and physical properties of the fractional Schrödinger equation, whose introduction was based on a purely phenomenological or abstract mathematical approach, have been considered in detail in [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] . It is interesting to note that the present approach gives a physical foundation for the mathematical use of fractional derivatives in quantum mechanics, as resulting from the noncommutative and energy dependent structure of the spacetime. We present in full detail the fractional Schrödinger equations obtained by using two distinct quantization of the energy (the time operator and the Hamiltonian operator approach, respectively), and we investigate the quantum evolution of the free particle and of the harmonic oscillator in the time operator formalism for a particular simple choice of the energy dependent noncommutativity strength parameters.
The present paper is organized as follows. We introduce the energy-dependent non-commutative quantum geometry, its corresponding algebra, and the SeibergWitten map that allows to construct the noncommutative set of variables from the commutative ones in Section II. The Schrödinger equation describing the quantum evolution in the energy-dependent noncommutative geometry is obtained in Section III, where the form of the effective potential induced by the noncommutative effects is also obtained. Three relevant physical and mathematical mechanisms that could induce energy-dependent quantum behaviors in noncommutative geometry are discussed in Section IV, and their properties are explored in the framework of a particular model in which the noncommutativity parameters have a power law dependence on energy. The quantum dynamics of a free particle and of the harmonic oscillator in the Spacetime Quantum Fluctuations model is analyzed in Section V, while the same physical systems are analyzed in the Energy Coupling model in Section VI. The fractional Schrödinger equations for the quantum evolution of general quantum systems in the Energy Operator approach are presented in Section VII, where the dynamics of the free particles and of the harmonic oscillator are analyzed in detail. A brief review of the fractional calculus is also presented. We discuss and conclude our results in Section VIII.
II. ENERGY-DEPENDENT NONCOMMUTATIVE GEOMETRY AND ALGEBRA
In the present Section we will introduce the basic definitions, conventions and relations for an energydependent generalization of the noncommutative geometry and algebra of physical variables, valid in the high energy/small distances regime. In high energy physics theoretical models where both the coordinate and momentum space noncommutativity is taken into account, in a four-dimensional space the coordinates and momenta satisfy the following algebra,
where the noncommutativity strength parameters θ µν and η µν are antisymmetric. Due to the commutation relation given by Eq. (14c), this algebra is consistent with ordinary Quantum Mechanics. We shall assume in the following that both matrices θ µν and η µν are invertible, and moreover the matrix Σ µν = δ µν + 1/ 2 θ µα η ν α is also invertible [26] . Under a linear transformation of the form, also called the D map,
where A, B, C, and D are real constant matrices, the noncommutative algebra (14a)-(14c) can be mapped to the usual Heisenberg algebra, [ [26] . The matrices A, B, C, and D satisfy the equations AD T − BC T = I d×d , AB T − BA T = Θ/ , and CD T − DC T = N/ [26] , where Θ and N are matrices with the entries θ µν and η µν , respectively [26] . Due to the linear transformations (14d), the noncommutative algebra (14a)-(14c) admits a Hilbert space representation of ordinary quantum mechanics. However, it is important to note that the D map is not unique.
In the present paper we generalize the algebra given by Eqs. (14a)-(14c) to the case when the parameters θ µν and η µν are energy-dependent functions, so that
respectively, where E is a general energy parameter whose physical interpretation depends on the concrete physical problem under consideration. In the following we will not consider time-like noncommutative relations, that is, we take θ 0i = 0 and η 0i = 0, since otherwise the corresponding quantum field theory is not unitary.
The parameters θ and η from Eqs. (14a)-(14c), can be represented generally as
where i, j correspond to x, y and z. It can be seen that θ and η are antisymmetric, but ∆ is symmetric. They are assumed to be energy-dependent, and we take them as independent of the space-time coordinates. We may set γ = 1 for convenience without losing the basic physics in the following Section. Moreover, we also limit our analysis to the x − y plane, where the two-dimensional noncommutative energy-dependent algebra can be formulated as
where, in the last three commutation relations, we have denoted
Starting from the canonical quantum mechanical Heisenberg commutation relations one can easily verify that the commutation relations Eq. (18a) can be obtained through the linear transformations [12, 21] 
or, equivalently, through the alternative set of linear transformations
These two types of linear transformations can be combined into a single one, which simultaneously modifies all coordinates and momenta, and not just x and p y or y and p x , as given in Eqs. This can be generally done by using the Seiberg-Witten map, given by [12, 21] 
where the canonical variables (x, y, p x , p y ) satisfy Heisenberg commutation relations [12, 21] ,
With the help of transformations (21a) and (21b) we can immediately recover the two first commutation relations in Eq. (18a). However, the last one takes the form
Comparing Eqs. (18a) and (24), we find that the linear transformations given by Eqs. (21a) and (21b) generate an effective energy dependent Planck constant, which is a function of the noncommutativity parameters θ(E) and η(E), and it is given by [21] 
where ζ ≡ θ(E)η(E)/4 2 . This approach is consistent with the usual commutative space-time quantum mechanics if we impose the condition ξ ≪ 1, expected to be generally satisfied, since the small noncommutative parameters θ and η, ζ are of second order.
For the sake of completeness we also present the general case. In the four-dimensional space-time Eqs. (21a) and (21b) can be written as [21] 
Therefore we obtain the following four-dimensional commutation relations,
[
Hence it follows that in the four-dimensional case the effective energy dependent Planck constant is given by [21] ef f = 1 +
Moreover, it also turns out that the commutator of the coordinate and momentum operators, [x µ , p ν ], is not diagonal any longer, with the off-diagonal elements obtained as the algebraic products of the components of θ µν and η µν . The linear transformations (26) can be further generalized to the form [23] 
where ξ is a scaling factor. It corresponds to a scale transformation of the coordinates and of the momenta [23] . Such a scaling can be used to make the Planck constant a true constant. Indeed, by choosing ξ = 1 + θη/4 2 −1/2 , we obtain a two-dimensional noncommutative algebra given by [23] ,
where we have denoted
Hence by a simple rescaling of the noncommutativity parameters one can assure the constancy of the Planck constant. On the other hand, in [21] it was shown that by assuming that √ θ, giving the fundamental length scale in noncommutative geometry, is smaller than the average neutron size, having an order of magnitude of around 1 fm, it follows that ( ef f ) / ≤ O (10). Hence, in practical calculations one can ignore the deviations between the numerical values of the effective Planck constant and the usual Planck constant.
In the two-dimensional case, which we will investigate next, in order to convert a commutative Hamiltonian into a noncommutative one, we first find the inverse of the transformations given by Eqs. (21a) and (21b). This set is given by [21] 
where k(E) is obtained as
In the following we will approximate k(E) as being one, k(E) ≈ 1.
III. THE SCHRÖDINGER EQUATION IN THE ENERGY-DEPENDENT NON-COMMUTATIVE GEOMETRY
In order to develop some basic physics applications in the energy-dependent non-commutative quantum mechanics, as a first step we investigate a 2-D noncommutative quantum system by using the map between the energy-dependent non-commutative algebra and the Heisenberg algebra (21a) and (21b). In this approach the Hamiltonian H of a particle in an exterior potential V can be obtained as
Equivalently, the two-dimensional Hamiltonian (32) can be written as
Consequently, we obtain the generalized Schrödinger equation in the noncommutative geometry with energy dependent strengths as,
where the total Hamiltonian H can be written as
with
is the standard quantum mechanical kinetic energy in the Heisenberg representation. In general, the effective potential V eff in Eq. (35) is given by
comes from both of the kinetic energy and potential in the non-commutative algebra.
A. Probability current and density in the energy-dependent potential
One of the interesting properties of the energydependent Schrödinger equation is that it leads to modified versions of the probability density and of the probability current [62] [63] [64] . This also implies modifications in the scalar product and the norm of the vectors in the Hilbert space. To investigate the nature of these modifications we will consider the one-dimensional Schrödinger equation in an energy-dependent potential V = V (x, y, E), which is given by
where 
where ǫ is a small parameter, ǫ → 0. Then from the Schrödinger equation (38) we obtain the continuity equation as
and ρ a is obtained as a solution of the equation
(44) By taking into account the explicit form of the wave functions as given in Eqs. (39) and (40), after integration and taking the limit ǫ → 0, we obtain for ρ a the expression
Φ(x, y).
(45) By considering limit E ′ → E it follows that for the energy dependent wave function its norm (scalar product) in the Hilbert space is defined as [62] 
(46) If we specify the stationary states by their quantum numbers n, it follows that the orthogonality relation between two states n and n ′ , n = n ′ , is given by
In the case of the energy-dependent quantum mechanical systems the standard completeness relation
does not hold generally. This is a consequence of the fact that the functions Ψ n (x, y) do not represent eigenfunctions of the same (linear self-adjoint) operator on L 2 (−∞, +∞). An alternative procedure was proposed in [62] , and it is given by For free particles, V ( x, y) = 0, and the effective Hamiltonian takes the form
where the effective potential comes from the kinetic energy term only via the Seiberg-Witten map, and it is given by
where L z = (xp y −yp x ) is the z-component of the angular momentum,
can be interpreted as an effective magnetic field, while
is the effective elastic constant corresponding to a harmonic oscillator. Hence the effective potential for free particles induced by the non-commutative algebra can be interpreted as generating two distinct physical processes, an effective magnetic field and an effective harmonic oscillator respectively.
C. The harmonic oscillator
As a second example of quantum evolution in the noncommutative geometry with energy dependent noncommutative strengths let us consider the case of the twodimensional quantum harmonic oscillator. The potential energy is written as
where k is a constant. By using the 2D Seiberg-Witten map as given by Eq. (21a), the potential can be expressed as
where V (x, y) = 1 2 k x 2 + y 2 is the potential energy of the harmonic oscillator in Heisenberg's representation. The Hamiltonian can be written as
In the above equations m * is the effective mass of the oscillator, including the modifications of the harmonic potential due to the non-commutative algebra, B h is the effective magnetic field, in which the first term comes from the kinetic energy and the second term comes from the harmonic potential energy in the non-commutative algebra, while K h is the effective elastic constant, in which the second term comes from the non-commutative algebra. For free particle, namely V ( x, y) = 0, m * = m, B h = B e (E), and K h = k e (E). The Hamiltonian (55) gives a unified description of the quantum evolution for both the free particle and for the harmonic oscillator in the energy-dependent noncommutative geometry. By taking k = 0 we reobtain immediately the case of the free particle.
IV. PHYSICAL MECHANISMS GENERATING ENERGY-DEPENDENT NONCOMMUTATIVE ALGEBRAS, AND THEIR IMPLICATIONS
The idea of the energy-dependent non-commutative geometry and its underlying algebra must be supplemented by the description of different physical processes that could lead to such mathematical structures. In the following we propose several possible mechanisms that could generate quantum energy-dependent behaviors described by the corresponding non-commutative algebra.
• We assume first that there exists an intrinsic and universal energy scale ε, different of the particle energy scale E, which induces the non-commutative effects, and the corresponding algebra. This intrinsic universal energy scale could be related to the Spacetime Quantum Fluctuations (SQF), and to the Planck energy scale, respectively. Therefore the energy-dependence in the commutation relations is determined by the ǫ energy scale, or by the magnitude of the quantum fluctuations. Hence in this approach the dynamics of the quantum particle is determined by two independent energy scales.
• For the second mechanism we assume that there is an energy coupling (EC) between the noncommutative evolution, and the dynamical energy E of the quantum systems. Hence in this approach the interaction between the particle dynamics and the spacetime fluctuations is fully determined by the particle energy, and all physical processes related to the energy-dependent non-commutativity are described in terms of the particle energy scale E.
• Finally, the third mechanism we are going to consider follows from the possibility that the energy of a quantum system can be mapped to an energy operator, which modifies the Hamiltonian of the system, and the corresponding Schrödinger equation. This approach we call the EO (energy operator) approach assumes again that the dominant energy scale describing non-commutative effects is the particle energy scale E.
In the following we will consider in detail the mathematical formulations of the above physical mechanisms, as well as their physical implications.
A. The non-commutative algebra of the Spacetime Quantum Fluctuations (SQF) model
Let us consider first there exists an intrinsic and universal energy scale ε inducing the noncommutative algebra. This energy scale is different and independent from the particle energy E. Hence in this approach we are dealing with a two distinct energy scales model. For the sake of concreteness we assume that the noncommutativity parameters η and θ have a power-law dependence on the intrinsic energy scale ε, so that
with η 0 , θ 0 , α, β are parameters describing the strength of the energy-dependent non-commutative effects. The energy parameter ε 0 describes the basic energy scale, which is related to the spacetime quantum fluctuation or Planck's scale. This energy-dependent non-commutative mechanism is called the Spacetime Quantum Fluctuation (SQF) process. When ε ≪ ε 0 , both η(ε) and θ(ε) tend to zero, and thus we recover the canonical quantum mechanics. When ε ≈ ε 0 , we reach the opposite limit of noncommutative quantum mechanics with constant noncommutative parameters. Thus, the basic physical parameters describing of effects of the non-commutativity in the effective potential of the Schrödinger equation in the framework of the power law energy dependent strength noncommutative algebra Eq. (50) become
respectively.
B. The noncommutative algebra of the Energy Coupling (EC) model
In our second model we assume that there is a coupling between the energy-dependent noncommutative geometry, and the energy of the quantum dynamical systems, and that this coupling can be described in terms of the particle energy E only. By adopting again a power law dependence of the non-commutativity parameters η and θ on the particle energy E we have
with η 0 , θ 0 , α, β are parameters describing the strength of the non-commutative effects. E 0 is a critical energy, which can interpreted as the ground-state energy of the quantum system, or a critical energy in some phase transition. We call this energy-dependent noncommutativity generating mechanism as the Energy Coupling (EC) mechanism. When E ≪ E 0 , both η(E) and θ(E) tend to zero, and the non-commutative algebra reduces to the standard Heisenberg algebra. When E ≈ E 0 , we reach the opposite limit of noncommutative quantum mechanics with constant parameters. Similarly, the physical parameters of the power-law energy dependent noncommutative algebra in the effective potential given by Eq. (50) take the form
C. The noncommutative algebra of the Energy Operator (EO) model
Finally, we consider the model in which the energydependent non-commutative geometry can be mapped to a quantum mechanical representation. This can be realized by associating a quantum operator to the considered energy scales ǫ or E. There are two possibilities to construct such a mapping between energy and operators.
Case I. In the first case we consider the mapping ε → i ∂ ∂t , that is, we map the energy to the standard quantum mechanical representation. Hence we obtain for the non-commutativity parameters the representation
The effective magnetic field and elastic constant in Eq. (61) for Case I are represented by operators that can be expressed in terms of fractional derivative as [71] [72] [73] ]
Case II. In the second case we assume that the energy can be mapped to the Hamiltonian operator according to the rule
In this case for the power-law dependent noncommutativity parameters we obtain
The
where B II α
, and
, respectively. Since α, β are real variables, the energy-dependent non-commutative geometry in the EO model involves now fractional derivative differential equations.
Hence the Energy Operator (EO) representation of the energy-dependent non-commutative quantum mechanics leads to the emergence of fractional calculus for the physical description of the high energy scale quantum processes. In general there are several definitions of the fractional derivatives, which we will discuss briefly in Section VII.
For convenience we rewrite the notations of Cases I and II to a unified form,
where ℓ = I, II, D 
V. QUANTUM EVOLUTION IN THE SPACETIME QUANTUM FLUCTUATION (SQF) ENERGY DEPENDENT NON-COMMUTATIVE MODEL
In the present Section we explore the physical implications of the SQF non-commutative algebra, and the underlying quantum evolution. To gain some insights into the effects of the energy-dependent non-commutativity on the dynamics of quantum particles we analyze two basic models of quantum mechanics, the free particle, and the harmonic oscillator, respectively.
A. Quantum mechanics of the free particle in the SQF model
Let first us consider a free particle whose quantum mechanical evolution is described by the SQF noncommutative algebra with V ( x, y) = 0. Hence the effective potential becomes
The generalized Schrödinger equation reduces to
and with B ε and k ε given by Eqs. (58a) and (58b), respectively. Since H 0 is independent of time, the wave function is of the form
where E is the energy of the free particle. By substituting the wave function (74) into the Schrödinger equation (72), the stationary Schrödinger equation is obtained as given by
(75) We introduce now the particle representation,
where a and b † are the particle annihilation and creation operators, and we have denoted ω ε = kε m . Then it is easy to show that the operators a and b † satisfy the Bose algebra, namely a, a † = 1 and b, b † = 1, respectively.
The other operators are commutative. Hence the Hamiltonian can be represented as
By using the Bogoliubov transformation,
to diagonalize the Hamiltonian, we obtain
is the effective frequency of the effective "harmonic oscillator" associated to the quantum evolution of the free particle. The eigenvalues of H 0 can be written as
where n α , n β = 0, 1, · · · . The corresponding eigenstates can be expressed as
where n α = α † α and n β = β † β are the quasi-particle operators, and |0, 0 is the ground state of the associated two-dimensional harmonic oscillator.
B. The harmonic oscillator
For the two-dimensional quantum harmonic oscillator in the SQF non-commutative geometry, the potential energy by using the 2D Seiberg-Witten map as given by Eq. (21a) can be expressed as
giving
where V (x, y) = 
and we have denoted
In the above equations m * is the effective mass of the oscillator, including the modifications of the harmonic potential due to the SQF non-commutative algebra, B h is the effective magnetic field, in which the first term comes from the kinetic energy and the second term comes from the potential energy in the SQF non-commutative algebra, while K h is the effective elastic constant, in which the second term comes from the SQF non-commutative algebra. For free particle, namely V ( x, y) = 0, m * = m, B h = B ε , and K h = k 0 ε ε0 2α . Similarly to the free particle case, since H is independent of time, the wave function is of the form
where E is the energy of the oscillator. By substituting the wave function (88) into the Schrödinger equation (85), we obtain the stationary Schrödinger equation as given by
(89) By using the same procedure as in the case of the free particle, we diagonalize the Hamiltonian, thus obtaining
where ω h = K h /m * is the generalized effective frequency of the two-dimensional harmonic oscillator in the SQF non-commutative algebra. The eigenvalues of H can be written as
where n α , n β = 0, 1, · · · . The corresponding eigenstates can be obtained as
where n α = α † α and n β = β † β are the quasi -particle operators, and |0, 0 is the ground state of the two-dimensional harmonic oscillator in the SQF noncommutative algebra.
VI. QUANTUM DYNAMICS IN THE ENERGY COUPLING (EC) MODEL
In the present Section we investigate the two basic quantum mechanical models, the free particle, and the harmonic oscillator, respectively, in the Energy Coupling (EC) non-commutative algebra, by assuming that the non-commutativity parameters θ and η are functions of the particle energy E only, and independent of energy scale of the quantum spacetime fluctuations.
A. Quantum evolution -the Schrödinger equation
For the EC non-commutative algebra, the effective potential can be written into a unified form for both the free particle and harmonic potential as,
Then the generalized Schrödinger equation can be obtained as i ∂ ∂t Ψ(x, y, t) = HΨ(x, y, t),
Since H is independent of time, the wave function is of the form
By substituting the wave function (97) into the Schrödinger equation (95), we obtain the stationary Schrödinger equation as
B. Quantum evolution -wave function and energy levels
In the following we obtain the solutions (wave functions) and the energy levels of the Schrödinger equation (98) in the EC non-commutative algebra. In the polar coordinate system (r, φ) with x = r cos φ, y = r sin φ, the angular momentum operator is represented by L z = −i ∂ ∂φ . Then the generalized stationary Schrödinger equation can be expressed as
Due to the axial symmetry of Eq. (99), the wave function can be represented as
where m φ = 0, 1, 2, · · · . By substituting Eq. (100) into Eq. (99), we obtain
where R ′ (r) = dR(r)/dr. By introducing a new radial coordinate ξ, defined as
and by denoting
Eq. (101) takes the form
or, equivalently,
In the range of values of ξ so that Cξ 2 >> ξ 4 , or, equivalently,
Eq. (104) becomes
and has the general solution given by
where J m φ (ξ) is the Bessel function of the first kind, while Y m φ (ξ) denotes the Bessel function of the second kind [68] . c 1 and c 2 denote two arbitrary integration constants. Since the function Y m φ (ξ) is singular at the origin, we must take c 2 = 0 in the solution (108). Therefore the general solution of Eq. (107) can be written as
where Γ (z) is the gamma function. 
In the interval [0, ξ s ], the Bessel functions satisfy the condition
where j m φ l is the lth zero of J m φ (ξ) [68] . There is a large literature on the zeros of the Bessel functions, and for a review and some recent results see [69] . Now we consider the case in which in Eq. (105) the term ξ 4 cannot be neglected. To solve Eq. (105) we introduce a new coordinate ζ defined as ζ = ξ 2 .
Then we obtain immediately ξ
, and Eq. (105) takes the form
Next we introduce a new function L (ζ, m φ ) by means of the transformation
Hence Eq. (110) becomes
that is, for n taking non-negative integer values, the wellbehaved solution of Eq. (112) is given by
where c is an arbitrary integration constant, and L (m φ ) n (ζ) are the generalized Laguerre polynomials, defined as [68] 
or, alternatively, as
Hence the physical solution of Eq. (104) can be obtained as
The radial wave function must satisfy the normalization condition
By introducing a new variable ξ 2 = x, 2ξdξ = dx, we obtain
(119) By taking into account the mathematical identity [2, 68] 
we find for the integration constant c the expression
The quantized energy levels of the free particle, and of the harmonic oscillator, can be obtained in the noncommutative energy dependent quantum mechanics as solutions of the algebraic equation
The commutative quantum mechanical limit for the harmonic oscillator is recovered, as one can see easily from Eqs. (56a)-(56c), when E << E 0 , giving B h (E) = 0 and K h (E) = k, respectively. Then from Eq. (122) we immediately obtain
where ω 2 = k/m. This relation gives the energy spectrum of the harmonic oscillator in commutative quantum mechanics [70] .
C. The case of the free particle Let's consider first the simple case of the free particle, with
, and m * = m, respectively. Then from Eq. (122) it follows that the energy levels of the free particle are given by
, α = 1.
For α = 1 the energy spectrum of the particle is continuous, and the the two quantum numbers n and m φ must satisfy the condition
The wave function of the two-dimensional free particle in energy dependent noncommutative quantum mechanics is given by
In commutative quantum mechanics the wave function of a freely moving quantum particle with momentum p is given by Ψ p = const. e i p· r/ . If we introduce the wave vector K, defined by K = p/ , then the wave function of the free particle is given by Ψ K = const. e i K· r . The energy spectrum of the particle is continuous, with
. The evolution of the free particle in the energy-dependent noncommutative quantum mechanics is qualitatively different from the standard quantum mechanical case. The particle is not anymore "free", but its dynamics is determined by the presence of the effective potential generated by the non-commutative effects. Moreover, the energy levels are quantized in terms of two quantum numbers n and m φ .
The ground state of the free particle corresponds to the choice n = m φ = 0. Then the ground state energy is given by
The radial wave function of the ground state of the free particle in energy-dependent quantum mechanics takes the form
A possibility to test the energy-dependent noncommutative quantum mechanics would be through the study of the collision and scattering processes. Collisions are characterized by the differential cross section dσ/dΩ, defined as the ratio of the number N of particles scattered into direction (θ, φ) per unit time per unit solid angle, divided by incident flux j, dσ/dΩ = N/j [2, 3] . Usually one considers that the incident wave on the target corresponds to a free particle, and the scattering wave function is given by ψ ( r) ∼ e i K· r + f (θ) e i K· r /r. However, in energy dependent quantum mechanics the wave function of the free particle at infinity cannot be described anymore as a simple plane wave. Hence, at least in principle, energy-dependent noncommutative effects could be determined and studied experimentally through their effects on the scattering cross sections in very high energy particle collisions. A cross section dependent on the particle energies may be an indicator of the noncommutative quantum mechanical effects, and may provide an experimental method to detect the presence of the quantum space-time.
D. The harmonic oscillator
Next we consider the harmonic oscillator problem in the Energy Coupling model of the energy-dependent noncommutative quantum mechanics. By taking into account the explicit forms of the effective mass, effective magnetic field and effective elastic constant as given by Eqs. (56a)-(56c) , it follows that the energy spectrum of the harmonic oscillator is obtained as a solution of the nonlinear algebraic equation given by
where we have denoted x = E/E 0 , and ω = k/m. In order to solve this equation we need to fix, from physical considerations, the numerical values of the quantities α and β. For arbitrary values of α and β the energy levels can be obtained generally only by using numerical methods. In the first order approximation we obtain
where E com denotes the energy levels of the harmonic oscillator in the commutative formulation of quantum mechanics. In the simple case α = β = 1, in the first approximation we obtain for the energy levels the algebraic equation
By neglecting the term x 3 , we obtain the energy levels in the energy-dependent noncommutative quantum mechanics in the first order approximation as
The wave function of the ground state of the energydependent harmonic oscillator in noncommutative quantum mechanics, corresponding to n = m φ = 0, can be written as
(133) In the limit E << E 0 , we recover the standard commutative result for the eave function of the ground state of the quantum mechanical harmonic oscillator,
The wave function of the ground state of the harmonic oscillator in the energy-dependent noncommutative quantum mechanics can be written in a form analogous to the commutative case by introducing the effective energy-depending frequency ω ef f , defined as
Then the wave function of the ground state of the harmonic oscillator can be written as
Hence we have completely solved the problem of the quantum mechanical motion of the free particle, and of a particle in a harmonic potential, in the noncommutative quantum mechanics with energy-dependent strengths.
VII. QUANTUM EVOLUTION IN THE ENERGY OPERATOR (EO) ENERGY DEPENDENT NON-COMMUTATIVE GEOMETRY
Finally, we will consider in detail the third possibility of constructing quantum mechanics in the framework of energy-dependent non-commutative geometry. This approach consists in mapping the energy in the noncommutative algebra to an operator. As we have already discussed, we have two possibilities to develop such an approach, by mapping the energy to the time operator, or to the particle Hamiltonian. Under the assumption of a power-law dependence on energy of the noncommutative strengths, in the general case these maps lead to a fractional Schrödinger equation. In the following we will first write down the basic fractional Schrödinger equations for the free particle and the harmonic oscillator case, and after that we will proceed to a detailed study of their properties. We will concentrate on the models obtained by the time operator representation of the energy. But before proceeding to discuss the physical implications of the generalized Schrödinger equation with fractional operators, we will present o very brief summary of the basic properties of the fractional calculus.
A. Fractional calculus -a brief review
For α, β / ∈ N , the quantum mechanical model introduced in the previous Sections, based on the power law energy dependence of the noncommutative strengths, leads to the interesting question of the mathematical and physical interpretation of the operators of the form
α . It turns out that such operators can be written is terms of a fractional derivative as 
Hence in fractional calculus a fractional derivative is defined via a fractional integral. By interpreting the time derivative operators as fractional derivatives we obtain the fractional Schrödinger equations as given by the equations presented in the next Section. There are several definitions of the fractional derivative that have been intensively investigated in the mathematical and physical literature. For example, the Caputo fractional derivative is defined as
Given a function f (x) = ∞ k=0 a k x kα , its fractional Caputo derivative can be obtained according to
where Γ (z) is the gamma function defined as Γ (z) = ∞ 0 t z−1 e −t dt, with the property Γ (1 + z) = zΓ (z) [73] . Consequently, we obtain the definition of the Caputo fractional derivative of the exponential function as
where [73] . Another definition of the fractional derivative is the Liouville definition, which implies [73] 
Finally, we also point out the definition of the left-sided Riemann-Liouville fractional integral of order ν of the function f (t), which is defined as
a definition which is valid for n − 1 < ν < n ∈ N [73] .
B. The fractional Schrödinger equation
In the present Section we will consider the evolution of a system in the Energy Operator representation of the energy-dependent noncommutative quantum mechanics. We will restrict again our analysis to the two-dimensional case only. The generalized fractional two-dimensional Schrödinger equation can then be expressed as
where ℓ = I, II denote the two different operator representations of the EO non-commutative algebra.
y are the fractional derivatives with respect to time and space when α is a rational integer.
In the following we will concentrate only on the time operator representation of the non-commutative quantum mechanics with energy dependent strengths, namely ℓ = I. Thus, by representing the wave function as
the Schrödinger equation becomes a fractional differential equation given by
where a α and a 2α are constants, the separation of the time variable can be performed in the noncommutative fractional Schrödinger equation with energy dependent noncommutative strengths.
C. The free particle-the case α = 1
For simplicity, in the following we investigate the quantum dynamics in the Energy Operator representation only in the case of the free particle, by assuming V ( x, y) = 0. Therefore k = 0, and the effective mass of the particle coincides with the ordinary mass, m * l = m. Moreover, for simplicity we will restrict our analysis to the choice α = 1. Then D 1 (t) = − i E and
2 , respectively. Explicitly, the Schrödinger equation describing the motion of the free particle in the energy-dependent noncommutative geometry takes the form
In the polar coordinate system (r, φ) with r = r cos φ, y = r sin φ, we haveL
respectively. By introducing for the wave function the representation Ψ(t, x, y) = e −(i/ )Et ψ (r, φ), and, similarly to the previous Section, representing the reduced wave function as ψ (r, φ) = R(r)e im φ φ , m φ ∈ N, it follows that Eq. (148) takes the form
By introducing a new independent variable ξ, defined as
Eq. (154) takes the form
When σξ
, that is, when the noncommutative effects can be neglected, in the standard quantum mechanical limit we obtain the solution of Eq. (157) as
where c 1 and c 2 are arbitrary integration constants, and J n (ξ) and Y n (ξ) are the Bessel function of the first kind and the Bessel function of the second kind [68] , respectively. We have already discussed in detail in the previous Section the behavior of the wave function in this case.
If the term ξ 4 cannot be neglected as compared to σξ 2 , then the general solution of Eq. (157) is given by
that is, the same form of the solution as the one already considered when discussing the evolution of the free particle and of the harmonic oscillator in the Energy Coupling model of the energy-dependent non-commutative quantum mechanics. The wave function must be finite at the origin. The normalization and other properties of the wave function are similar to the ones already investigated in the previous Section.
VIII. DISCUSSIONS AND FINAL REMARKS
In the present paper we have considered the quantum mechanical implications of a noncommutative geometric model in which the strengths of the noncommutative parameters are energy-dependent. From a physical point of view such an approach may be justified since the effects of the noncommutativity of the spacetime are expected to become apparent at extremely high energies, of the order of the Planck energy, and at distance scales of the order of the Planck length. By assuming an energy dependent noncommutativity we obtain a smooth transition between the maximally noncommutative geometry at the Planck scale, and its commutative ordinary quantum mechanical version, which can be interpreted as the low energy limit of the noncommutative high energy quantum mechanics. Hence this approach unifies in a single formalism two apparently distinct approaches, the noncommutative and commutative versions of quantum mechanics, respectively, and generally leads to an energy dependent Schrödinger equation, as already considered in the literature [61] [62] [63] [64] [65] [66] [67] .
One of the important question related to the formalism developed in the present paper is related to the physical implications of the obtained results. In the standard approach to noncommutative geometry, by using the linearity of the D map, one could find a representation of the noncommutative observables as operators acting on the conventional Hilbert space of ordinary quantum mechanics. More exactly, the D map converts the noncommutative system into a modified commutative quantum mechanical system that contains an explicit dependence of the Hamiltonian on the noncommutative parameters, and on the particular D map used to obtain the representation. The states of the considered quantum system are then wave functions in the ordinary Hilbert space, the dynamics is determined by the standard Schrödinger equation with a modified Hamiltonian that depends on the noncommutative strengths θ and η [26] . Even that the mathematical formalism is dependent on the functional form of the adopted D map that is used to realize the noncommutative-commutative conversion, this is not the case for physical predictions of the theory such as expectation values and probability distributions [26] . On the other hand it is important to point the fact that the standard formalism in which the energy dependence is ignored is not manifestly invariant under a modification of the D map.
In the energy-dependent approach to noncommutative geometry after performing the D map we arrive at an energy dependent Schrödinger equation, which contains some energy dependent potentials V (x, E, θ, η). In order to obtain a consistent physical interpretation we need to redefine the probability density, the normalization condition and the expectation values of the physical observables. For example, in order to be sure that a solution of the Schrödinger equation associated with a stationary energy E is normalizable the following two conditions must hold simultaneously [62] ,
Moreover, in opposition to the standard case of an energy-independent potential, the nonnegativity and the existence of the norm integral must hold at the same time. The modified forms of the probability density and of the probability current also lead to adjustments in the scalar product and the norm that do not appear in standard quantum mechanics. Similarly to the case of standard noncommutative quantum mechanics we also expect that, similarly to the energy-independent case, our present formalism is not independent under a change in the functional form of the D map. The phase-space formulation of a noncommutative extension of quantum mechanics in arbitrary dimension, with both spatial and momentum noncommutativities, was considered in [26] . By considering a covariant generalization of the WeylWigner transform and of the Darboux D map, an isomorphism between the operator and the phase-space representations of the extended Heisenberg algebra was constructed. The map allows to develop a systematic approach to derive the entire structure of noncommutative quantum mechanics in phase space. More importantly, it turns out that the entire formalism is independent of the particular choice of the Darboux map. The extension of the results of [26] to the energy-dependent case would help to clarify the mathematical structure and physical properties of energy-dependent noncommutative quantum mechanics.
In order to implement the idea of energy-dependent noncommutativity we need to specify the relevant energy scales. In the present work we have assumed a two scale and a single energy scale model. Moreover, we have limited our investigations to the case in which the noncommutative strengths have a simple power law dependence on the energy. In the first approach the energy dependence of the noncommutative strengths is determined by a specific energy scale, which is related to the energy of the quantum fluctuations that modify the geometry. This approach may be valid to describe physics very nearby the Planck scale, where the vacuum energy may be the dominant physical effect influencing the quantum evolution of particles in the noncommutative geometric setting. In this context we have considered the dynamics of two simple but important quantum systems, the free particle, and the harmonic oscillator, respectively. The physical characteristics of the evolution is strongly dependent on the energy of the quantum fluctuations, with the oscillations frequencies effectively determined by the spacetime fluctuations scale.
In our second model we have assumed that all the noncommutative effects can be described by means of the particle energy scale, which is the unique scale determining the physical implications of noncommutative geometry. The choice of a single energy scale allows the smooth transition from the noncommutative algebra of the Planck length to the commutative Heisenberg algebra of the ordinary quantum mechanics that gives an excellent description of the physical processes on the length and energy scales of the atoms and molecules, and for the standard model of elementary particles. In this case the basic physical parameters of the of the quantum dynamics of the free particles and of the harmonic oscillator are energy dependent, with the oscillation frequencies described by complicated functions of the particle energy. Such an energy dependence of the basic physical parameters of the quantum processes may have a significant impact on the high energy evolution of the quantum particles.
Perhaps the most interesting physical implications are obtained in the framework of our third approach, which consists in mapping the energy with a quantum operator. There are two such possibilities we have briefly discussed, namely, mapping the energy with the time derivative operator, and with the Hamiltonian of the free particle (its kinetic energy). The corresponding Schrödinger equation changes its mathematical form, content an interpretation, becoming a fractional differential equation, in which the ordinary derivatives of quantum mechanics are substituted by fractional ones.
Fractional Schrödinger equations have been introduced for some time in the physical literature [74] , and presently they are becoming a very active field of research in both physics and mathematics [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] . For an extensive review of fractional quantum mechanics see [94] . A typical example of a fractional Schrödinger equation is given by the equation [74] i ∂ψ ( r, t) ∂t
where D α is a constant, and α is an arbitrary number. The fractional Hamilton operator is Hermitic, and a parity conservation law for fractional quantum mechanics can also be established. The energy spectra of a hydrogenlike atom can also be obtained, while in this approach the fractional oscillator with the Hamiltonian
where α, β, and q are constants, has the energy levels quantized according to the rule [74] 
where the B(a, b) function is defined by the integral rep- [68] , and α and β are arbitrary numerical parameters. As for the physical origin of the fractional derivatives, in [95, 96] it was shown that it originates from the path integral approach to quantum mechanics. More exactly, the path integral over Brownian trajectories gives the standard Schrödinger equation of quantum mechanics, while the path integral over Lévy trajectories generates the fractional Schrödinger equation. In the present paper we have outlined the possibility of another physical path towards the fractional Schrödinger equation, namely, the framework of the quantum operator approach to energy dependent noncommutative geometry. An interesting theoretical question in the field of noncommutative quantum mechanics is the problem of the nonlocality generated by the dynamical noncommutativity. This problem was investigated in [50] for noncommutative quantum system with the coordinates satisfying the commutation relations q i , q j = iθf (σ)ǫ ij , where f (σ) is a function of the physical parameter σ, that could represent, for example, position, spin, energy etc. Then for the uncertainty relation between the coordinate operators x and y we obtain the uncertainty relation (∆ x) Ψ (∆ x) Ψ ≥ (θ/2) | Ψ |f (σ)| Ψ | [50] . As was pointed out in [50] , if |Ψ > represents a stationary state of the quantum system, that is, an eigenstate of the Hamiltonian, it follows that the nonlocality induced by the noncommutativity of the coordinates will be a function of the energy. Moreover, in the present approach to noncommutative quantum mechanics, the noncommutative strength θ is an explicit function of the energy, and therefore an explicit dependence of the nonlocality on the energy always appears. As a particular case we consider that f (σ) = 1, that is the noncommutative strengths depend only on the energy. Then, by taking into account the normalization of the wave function we obtain (∆ x) Ψ (∆ x) Ψ ≥ (θ(E)/2), or by considering the explicit choice of the energy dependence of θ adopted in the present study, (∆ x) Ψ (∆ x) Ψ ≥ (θ 0 /2) (E/E 0 ) β . Hence when E << E 0 , (∆ x) Ψ (∆ x) Ψ ≈ 0, and we recover the standard quantum mechanical result. In the case of the harmonic oscillator the uncertainty relations for the noncommutative coordinates can be obtained for f (σ) = σ as (∆ x) Ψ (∆ x) Ψ ≥ O θ 4 , that is, nonlocality does not appear in higher orders of θ [50] . For the case f (σ) = σ 2 , one finds (∆ x) Ψ (∆ x) Ψ ≥ (θ/2ω σ ) (n + 1/2) + O θ 3 , where ω η is the oscillation frequency of the σ -dependent potential term in the total Hamiltonian, given by V (σ) = ω 2 σ σ 2 /2 [50] . A central question in the noncommutative extensions of quantum mechanics is the likelihood of its observational or experimental testing. A possibility of detecting the existence of the noncommutative phase space by using the Aharonov-Bohm effect was suggested in [33] . As we have already seen the noncommutativity of the momenta leads to the generation of an effective magnetic field and of an effective flux. In a mesoscopic ring this flux induces a persistent current. By using this effect it may be possible to detect the effective magnetic flux generated by the presence of the noncommutative phase space, even it is very weak. Persistent currents and magnetic fluxes in mesoscopic rings can be studied by using experimental methods developed in nanotechnology [33] . The dynamics of a free electron in the two dimensional noncommutative phase space is equivalent to the evolution of the electron in an effective magnetic field, induced by the effects of the noncommutativity of the coordinates and momenta.
For the motion of a free electron in the noncommutative phase space, the Hamiltonian can be obtained as x, respectively [33] , while the effective magnetic field is obtained in the form B z = η/eα 2 . A possibility of experimentally implementing a method that could detect noncommutative quantum mechanical effects consists in considering a one-dimensional ring in an external magnetic field B, oriented along the axis of the ring. B is constant inside r c < R (ring radius), which implies that the electrons are located only in the fieldfree region of the small ring. Moreover, the quantum electronic states are functions of the total magnetic flux crossing the ring only. By introducing a polar coordinate system by means of the definitions x = R cos ϕ, y = R sin ϕ, we obtain for the Hamiltonian of the electrons the expression [33] 
where φ nc = 2πR 2 η/e α 2 represents an effective magnetic flux coming from the noncommutative phase space, while φ 0 = h/e is the quantum of the magnetic flux. By φ we have denoted the external magnetic flux in the ring. Hence noncommutative effects generate a persistent current in the ring, which depends on the external and the effective magnetic fluxes, respectively. The relation between the persistent current and the magnetic flux may provide a method to detect the existence of noncommutative quantum mechanical effects. Hence by considering a mesoscopic ring system in the presence of an external magnetic field, and by studying the relation between the persistent current and the external magnetic flux ϕ one can infer the possible existence of noncommutative quantum mechanical effects [33] . The theoretical model behind this experimental procedure can be easily reformulated by taking into account the variation of η with the energy of the electrons. Hence the study of the persistent currents in mesoscopic systems by using experimental techniques already existent in nanotechnology may open the possibility of proving the existence of new quantum mechanical physical structures that becomes dominant at high particle energies.
The investigation of the spacetime structure and physical processes at very high energies, and small microscopic length scales may open the possibility of a deeper understanding of the nature of the fundamental interactions and of their mathematical description. In the present work we have developed some basic tools that could help to give some new insights into the complex problem of the nature of the quantum dynamical evolution processes at different energy scales, and of their physical implications.
